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COMMUNAUTÉS

• Détection de communautés
‣ Découvrir des groupes de nœuds:

- Fortement connectés entre eux
- Faiblement connecté au reste du réseau

‣ Pas de définition mathématique universelle
- Plusieurs définitions imparfaites existe



COMMUNAUTÉS DANS DES 
GRAPHES RÉELS

• Réseau social (Linked-in/Facebook/etc.)



COMMUNAUTÉS DANS DES 
GRAPHES RÉELS

• Connexions dans le cerveau



COMMUNAUTÉS DANS DES 
GRAPHES RÉELS

• Appels téléphoniques en Belgique ?

3. Results: division of the Belgian telephone territory

3.1 Division based on the frequency of calls

Figure 2 illustrates the groups obtained based on the frequency of telephone com-
munications between municipalities. The colours are of no particular significance 
and are simply intended to facilitate the reading of the map. 

Our main comments may be summarised in four points:

(1) Without having fixed the number of groups or their size, the optimal groups ob-
tained are spatially balanced: 17 ‘telephone areas’ composed of 15 to 66 munici-
palities appear ‘naturally’. This result is different from the division in labour pools (47 
pools defined by de Wasseige et al., 2000) and, without being identical, resembles 
the urban hierarchy of Van Hecke et al. (2007). To this effect, we have indicated on 
the map in Figure 2 the regional cities and the major cities as defined in Van Hecke 
et al. (2007). Note that certain telephone areas encompass two cities (for example, 
the Belgian coast forms a telephone area in itself and groups the cities of Ostend 
and Bruges; other examples: Hasselt and Genk or Mechelen and Leuven), whilst 
other telephone areas do not correspond to a ‘regional city’ as defined by Van 
Hecke et al. (2007) (for example Aalst to the west of Brussels is a telephone area, 
whereas Aalst is not considered as a ‘regional city’; the same is true for the province 

of Luxembourg). 

(2) Surprisingly, the groups of municipalities 
are always made up of adjacent municipali-
ties. As the grouping method does not im-
pose constraints regarding proximity or 
contiguity of municipalities in groups, the 
results could have revealed groups com-
posed of separate parts, but this is not the 
case for the groups obtained. 

(3) The linguistic border is followed by the 
limits of the ‘telephone areas’, with the ex-
ception of the area of Brussels (in red on 
the map) and the municipalities with facili-
ties Espierre-Helchin, Comines-Warneton, 
Herstappe and Fourons. Language there-
fore seems to be a strong barrier in terms 
of telephone communications: this confirms 
the former results of Klaassen et al. (1972), 
Rossera (1990) and Rietveld and Janssen 
(1990). However, it should be noted that 
the barrier around the German-speaking 
region is less clearly marked.

(4) The biggest area obtained (66 munici-
palities) corresponds – not surprisingly – to 
the biggest city: Brussels. Figure 3 presents  
a zoom-in of Figure 2 centred on Brussels. 
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Figure 2: ‘Telephone areas’ defined based on the frequency of communica-
tions between municipalities. We also indicate (1) = regional city (2) major 
city (definitions from Van Hecke et al., 2007) and (3): provincial borders.

Vilvoorde, Zaventem, Tervuren, Braine-l’Alleud, Ottignies-Louvain-la-Neuve, Wavre, 
Perwez and Jodoigne. However, Leuven is not included and is part of another tele-
phone area with Mechelen (see Figure 2). The Brussels telephone area resembles its 
urban area: it covers a much bigger area than the 19 municipalities of the Brussels-
Capital Region, all around the capital with a stronger spatial extension towards the 
south.

3.2 Division based on the average duration of communications

The municipalities are grouped here using the same method, according to the aver-
age duration of communications. The results are illustrated in Figures 4 (national 
scale) and 5 (a zoom-in on Brussels) and lead to two main commentaries:

(1) the method leads naturally to the constitution of two groups: one to the north 
and the other to the south of the country (Figure 4). Among the more than 200 mil-
lion communications analysed, only 1.05% are from the group in the north to the 
group in the south, and 1.04% are from the group in the south to the group in the 
north. In other words, almost 98% of telephone communications take place be-
tween customers within the same group. Let us note that the municipalities in the 

German-speaking 
community do not 
form a separate 
group, but are part 
of the group in the 
south of the country.

(2) Figure 4 shows 
that the north-south 
division follows the 
linguistic border with 
a few exceptions. 
Not surprisingly, 
these exceptions are 
all municipalities 
with facilities. With 
the exception of 
Wemmel, the mu-
nicipalities with facili-
ties in the outskirts 
of Brussels (Dro-
genbos, Kraainem, 
Linkebeek, Rhode-
Saint-Genèse, 
Wezembeek-
Oppem) are all 
grouped with the 
municipalities in the 
south of the country 
(see Figure 5 for a 
zoom-in). Three 
other municipalities 
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Figure 4: ‘Mobile telephone areas’ defined based on the average duration of communications.



ALGORITHME DE LOUVAIN

• Algorithme le plus connu, et celui présent dans Gephi

• Cherche à optimiser la modularité
‣ Modularité: un score de “qualité” des communautés
‣ L’algorithme cherche parmi toutes les partitions possibles celle de meilleur 

score (Approche gloutonne)

• Partitions non recouvrantes: chaque nœud appartient à une et 
une seule communauté.



MODULARITÉ

Network Science

Cheatsheet

Made by
Remy Cazabet

Community Structure

Blocks and Communities: De�nition

The general idea of blocks and communities is that nodes of a
network can be grouped together in homogeneous sets, based
on the network topology. The problem of automatically discover-
ing those groups is one of the most studied problem of network
science, but also one of the most di�cult to properly de�ne.

Partitions/Overlap

Wemust di�erentiate two types of node grouping:

�. A Partition of a graph is a division of its nodes such as each
of them belongs to one and only one group.

�. Overlapping communities/blocks allow, on the contrary,
nodes belonging to several groups. Unless speci�ed dif-
ferently, they also allow nodes to belong to no group.

Algorithms searching partitions are much more common than
those searching for overlapping groups, due to the increased
complexity of the later task. Overlapping community detection
is, nevertheless, an active �eld of research.

Community structure

The idea of having a network structured in communities is de�ned
as an analogy with communities in social networks. Communi-
ties are therefore de�ned (informally) as groups of nodes that are
strongly connected between themselves (high internal density)
and more weakly connected to the rest of the network low exter-

nal density.
This de�nition however cannot be translated unambiguously into
a mathematical formulation. The problem of community detec-

tion, or community discovery, is therefore complex to de�ne.

Block structure

The general idea of the block structure is that the probability to
observe an edge between two nodes is a function of the blocks
they belong to. Usually, no assumption is made apriori about
those probabilities: they can be high between nodes belonging
to the same blocks or to di�erent blocks, and can di�er for each
pair of block.

De�nition

C a community partition, or, more generally, a set of set
of nodes

ci community i, a set of nodes

Modularity

The most famous quality function to measure the quality of par-
titions is called the Modularity. Introduced ina, it is de�ned for a
partition C and a graph G as the di�erence between the fraction
of observed internal edges and the expected fraction of internal
edges if G were rewired according to a con�guration model, i.e.,
preserving the degrees of nodes.
More formally,
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with Li = L(H(ci)) the number of edges inside community i and
Ki =

P
u2ci

ku the sum of degrees of nodes in community i.
The original formulation of modularity, often found in the litera-
ture, is:

Q =
1

2L

X

uv


Auv �

kukv

2L

�
�(cu, cv)

with �(cu, cv) the kronecker delta between communities, i.e.,
�(cu, cv) = 1 if nodes u and v belongs to the same community,
� otherwise.

aGirvan and Newman ����.

Modularity: null model

The modularity as expressed above compares the number of
edges inside communities to the expected number of edges in
a null model, i.e., a randomized version of the graph. In the orig-
inal version, this null model is the con�guration model (as easily
recognized in the kukv

2L of the original formula).
Variants of themodularity have been proposed using di�erent null
modelsa, for instance an ER null model, or a gravity model to take
into account the e�ect of geographic distanceb

aJutla, Jeub, and Mucha ����.
bExpert et al. ����.

Modularity: resolution limit

It is important to remember that the Modularity is (only a) quality
function, not ade�nition of the quality of communities. An impor-
tant drawback of Modularity is known as the limit of resolutiona .
It says that partitions of maximal modularity are biased toward a
particular scale, i.e., for a graph of a give size (#nodes, #edges),
communities smaller or larger than a certain size cannot be found.
The typical example of this limit is the clique-ring structure (set of
cliques connected by a single edge), in which the expected par-
tition is to have one community by clique, while the solution of
highest modularity put several cliques in the same community,
when we increase the number of cliques.

aFortunato and Barthelemy ����.

Modularity and random networks

Another well known limitation of a Modularity maximization ap-
proach is that it �nds communitieswith high scores in randomnet-
works: since it is not adjusted for chance, random �ucutations in
a random network are mistaken for meaningful structure in the
network.

Multi-resolution Modularity

A simple solution has been proposed to the limit of resolution,
consisting in adding a resolution parameter � to tune the desired
resolutiona, i.e., (Li � 1

2K
2
i ) becomes (Li � �

1
2K

2
i ). It raises or

shrinks the expected number of edges inside communities. It re-
quires, however, to choose a proper value for �, i.e., to choose ar-
bitrarily a scale for communities.

aReichardt and Bornholdt ����.

• Défini comme la différence entre:
‣ La fraction des liens observés à l’intérieur des communautés
‣ La fraction des liens attendus à l’intérieur des communautés

- Attendu si les liens étaient distribués au hasard dans un graphe où l’on conserve le nombre 
de nœuds, de liens, et les degrés de chaque nœud.



ALGORITHME DE LOUVAIN

• On donne un graphe à l’algorithme, il retourne une partition 
(un ensemble de communautés)

• Attention, définition imparfaite: 
‣ Limite de modularité=>paramètre de résolution
‣ Pas de garantie de trouver la “meilleure” solution
‣ Algorithme stochastique: 2 exécutions peuvent renvoyer des résultats différents

• En pratique, fonctionne très bien



MODULARITY INTUITION

ER random graph

n = 8
m = 11



MODULARITY INTUITION
n = 8
m = 11

d(G) = p(u, v) =
11

1
2 8(8 − 1)

=
11
28

≈ 0.39

p(u, v) ≈ 0.39



MODULARITY INTUITION

ER random graph
Expected edges inside red (or green)

(#node pairs * prob to observe an edge)
4(4 − 1)

2
* p(u, v) = 2.34

Modularity=  = 0.482(5 − 2.34)
m

n = 8
m = 11
p(u, v) ≈ 0.39



MODULARITY INTUITION
n = 8
m = 11

Q= 0.48

Q= ?

Q= ?



MODULARITY INTUITION
p=0.39

Q= (5-6p)+(5-6p)=10-12p=5.32

Q=(3-3p)+(1-p)+(2-3p)=7-7p=4.27

Q=(6-10p)+(2-3p)=8-13p=2.93



MODULARITY INTUITION
p=0.39

Q= (5-6p)+(5-6p)=10-12p=5.32

Q=(0-p)+(2-6p)+0-p=2-8p= - 0.34


